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The coupled mode parabolic equation ~PE! is a generalization of the adiabatic mode PE that includes
mode coupling terms. It is practical to apply this approach to large-scale problems involving
coupling of energy between both modes and azimuths. The solution is expressed in terms of the
normal modes and mode coefficients, which satisfy coupled horizontal wave equations. The coupled
mode PE may be solved efficiently with the splitting method. The first step is equivalent to solving
the adiabatic mode PE over one range step. The second step involves the integration of the coupling
term. The coupling mode PE solution conserves energy, which is an important aspect of a
range-dependent propagation model. The derivation of the coupled mode PE, which involves
completing the square of an operator, is related to the derivation of an adiabatic mode PE that
accounts for ambient flow. Examples are presented to illustrate the accuracy of the coupled mode
PE. © 1997 Acoustical Society of America. @S0001-4966~97!05406-4#
PACS numbers: 43.30.Bp, 43.30.Dr @SAC-B#

INTRODUCTION

The Perth–Bermuda1–3 and Heard Island4–7 experiments
have stimulated interest in global-scale ocean acoustics. It is
very difficult to solve global-scale problems due to the size
and complexity of the medium and the coupling of energy
between both modes and azimuths. The global-scale results
that have been generated2,3,5–8 neglect one type of coupling
and are based on adiabatic mode,9–12 parabolic equation
~PE!,13–16 and ray approximations. There are indications that
both types of coupling occur for some global-scale
problems.5 Three-dimensional PE models17,18 handle both
types of coupling but are only practical for small-scale problems. In this paper, we derive and test a generalization of the
adiabatic mode PE19 that includes coupling terms. It is practical to apply the coupled mode PE to large-scale problems
and possibly even global-scale problems at low frequencies.
The adiabatic mode solution is based on the assumption
that energy does not couple between the modes ~or eigenfunctions! of the depth separated wave equation. The acoustic field is represented locally in terms of the modes, and the
mode coefficients satisfy horizontal wave equations. In some
cases, it is possible to obtain useful information by solving
for only a fraction of the mode coefficients. The horizontal
wave equations may be solved efficiently with the PE
method,19 which handles caustics and horizontal variations in
the properties of the medium. At low frequencies, it is practical to solve global-scale problems with the adiabatic mode
PE.8 This approach is more efficient than three-dimensional
PE models because the number of propagating modes is usually much smaller than the number of grid points that are
required in a finite-difference treatment of the depth operator.
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The coupled mode PE is obtained by including coupling
terms20–29 in the horizontal wave equations. Mode coupling
may also be treated using vertical interface conditions.30 The
splitting solution31 of the coupled mode PE involves the numerical solution of the adiabatic mode PE ~which does not
involve coupled equations! and the integration of a mode
coupling term ~which does not involve azimuthal coupling!.
The coupled mode PE solution conserves energy, which is an
important property of a range-dependent propagation
model.32–34 The derivation of the coupled mode PE involves
completing the square of an operator and is similar to the
derivation of the windy PE,35 which is a generalization of the
adiabatic mode PE that accounts for ambient flow. The derivation of the coupled mode PE is presented in Sec. I. Examples are presented in Sec. II to illustrate the accuracy of
the coupled mode PE.

I. DERIVATION

We derive the coupled mode PE in this section. To simplify the derivation, we work in Cartesian coordinates and
neglect attenuation. We later convert to cylindrical coordinates and include the effects of attenuation as a perturbation
by allowing the modal eigenvalues to be complex.30 The
sound speed c and density r may vary arbitrarily with the
depth z but are assumed to vary gradually with the range x
and cross range y. We place a time-harmonic point source of
circular frequency v on the z axis and remove the factor
exp( 2 ivt) from the complex pressure P.
In order to handle density variations efficiently we work
with the reduced pressure p 5 r 21/2P, which satisfies the
Helmholtz equation,
¹'2 p1

]2p
1k̃ 2 p50,
]z2
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where k5 v /c is the wave number, g5log r, and ¹'2 is the
horizontal component of the Laplacian. The solution of Eq.
~1! is expressed in terms of the local normal modes as
p ~ x,y,z ! 5

(j p j ~ x,y ! f j ~ z;x,y ! ,

~3!

where p j is the j th mode coefficient and the j th mode f j
and eigenvalue k 2j (x,y) satisfy

] 2f j
1k̃ 2 f j 5k 2j f j ,
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The semicolon in the argument of f j indicates slow variation
with respect to the horizontal coordinates. To obtain a
leading-order mode coupling correction in the limit of
gradual horizontal variations in c and r, we retain only the
first horizontal derivatives of f j . We later account for horizontal variations in k j by including an energy-conservation
correction.
Substituting the normal mode representation into Eq.
~1!, we obtain

(j f j ~ ¹'2 p j 1k 2j p j ! ;22 (j
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The adiabatic mode solution is recovered by neglecting the
terms on the right side of Eq. ~7!. Placing the mode coefficients into the vector p, the coupling coefficients into the
matrices A x and A y , and the eigenvalues into the diagonal
matrix K 2 , we obtain

] 2p ] 2p
]p
]p
2
12A y
50.
21
2 1K p12A x
]x
]y
]x
]y

~10!

It follows from Eq. ~5! that the coupling matrices A x
52A tx and A y 52A ty are antisymmetric. We refer to solutions of Eq. ~10! as continuous coupled mode solutions as
opposed to the stepwise coupled mode solutions of Ref. 30.
Completing the square of the range operator in Eq. ~10!
and neglecting a higher-order coupling term, we obtain
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Factoring the operator in Eq. ~11! under the assumption of
gradual range dependence, we obtain
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This approach for factoring Eq. ~10! was used to derive the
windy PE from a similar horizontal wave equation in which
advection terms play the role of the coupling terms.35 Assuming that outgoing energy dominates backscattered energy, we obtain the outgoing wave equation:
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In cylindrical geometry, we remove the spreading factor
r 21/2 from p and obtain the following counterpart to Eq.
~13!:
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where the entries of A r and A u are defined by

~6!

where the coupling coefficients A x,i, j and A y,i, j are defined
by
A x,i, j 5

]
1A x
]x

A r,i, j 5

Multiplying Eq. ~6! by f i , integrating over depth, and using
Eq. ~5!, we obtain the horizontal wave equations,
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When acoustic energy propagates from a point source in
a medium with gradual horizontal variations, azimuthal
terms are usually dominated by other terms in the wave
equation. For many problems, it is possible to ignore azimuthal terms altogether and apply the uncoupled azimuth
approximation.36 Even when azimuthal coupling is significant, the azimuthal terms tend to be less important than other
terms ~e.g., the three-dimensional PE models of Refs. 17 and
18 are based on a narrow-angle expansion in the azimuth
term but a wide-angle expansion in the depth term!. We use
this fact and observations of solutions of the windy PE to
motivate a useful simplification of Eq. ~14!. The windy PE is
based on the following outgoing wave equation that is similar to Eq. ~14!:

S

]pj
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D
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where U jr and U j u are defined in terms of the wind
velocity.35 We have found that the cross term in Eq. ~17!,
which involves the product of a flow operator and an azimuthal coupling operator, tends to be dominated by the other
terms. In particular, the solutions of the equation

S
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are nearly identical to the solutions of Eq. ~17! for the examples presented in Ref. 35.
Neglecting the cross term in Eq. ~14!, we obtain the
coupled mode PE,

S

]p
1 ]
52A r p1i 2 2 1K 2
]r
r ]u
2

D

1/2

p.

~19!

The first term on the right side of Eq. ~19! accounts for mode
coupling in the radial direction. The second term accounts
for azimuthal coupling and refraction. Neglecting the cross
term to obtain Eq. ~18! does not provide a significant advantage for the windy PE. Neglecting the cross term to obtain
Eq. ~19! leads to a significant simplification of the numerical
solution of the coupled mode PE because it permits the use
of alternating directions. Neglecting the cross term can be
justified by an asymptotic argument. We regard azimuthal
coupling as a perturbation and retain only the leading order
mode coupling correction to the adiabatic mode PE. Since
A r p and A u p are of the same order, it follows that

U

K 21 A u

U

1 ]p
! u A r pu .
r ]u

~20!

In other words, the first term on the right side of Eq. ~14!
dominates the cross term.
The solution of Eq. ~19! does not conserve energy. One
approach for deriving a coupled mode PE that conserves energy would be to perform a WKB analysis that includes horizontal derivatives of the environmental parameters. An easier
approach is to incorporate previous results and then verify
that energy is conserved. Energy-conserving solutions can be
obtained by defining a new dependent variable that is related
to the energy-flux density. The dependent variable in Eq.
~19! is missing the correction factor k 1/2
that occurs in the
j
complete energy conservation correction.34 Applying this
correction as described in Ref. 19, we define u j 5 k 1/2
j p j and
obtain the energy-conserving coupled mode PE solution,
p ~ r, u ,z ! 5r 21/2

(j @ k j ~ r, u !# 21/2u j ~ r, u ! f j ~ z;r, u ! ,

S

]u
1 ]2
52A r u1i 2 2 1K 2
]r
r ]u

D

~21!
1/2

u,

~22!

where u j is the j th entry of u. The initial condition corresponding to a point source at z5z 0 is
u j ~ 0,u ! 5 f j ~ z 0 ;0,u ! .

~23!

The second term on the right side of Eq. ~22! conserves
energy because the adiabatic mode PE conserves energy.19
The coupling term produces a rotation of u and conserves
energy because

] u ] u*
dE
5u*
1
u52u* A r u2u* A tr u50,
dr
]r
]r

~24!

where E5 u uu 2 is the energy flux. The third equal sign in Eq.
~24! follows from the antisymmetry of A r .
We solve Eq. ~22! with the splitting method,31 which
involves numerical solutions of the equations
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Since K 2 is diagonal and the cross term in Eq. ~14! was
dropped, Eq. ~25! is an uncoupled system that reduces to the
horizontal wave equations involved in the adiabatic mode PE
solution. We therefore solve Eq. ~25! over a range step using
the approach described in Ref. 19. The operator square root
is approximated using a rational function expansion about
the representative horizontal wave number k 0 . Crank–
Nicolson integration is used for the range discretization. The
azimuth discretization involves a tridiagonal matrix modified
with entries in the upper right and lower left corners to account for periodicity. The numerical solution of Eq. ~26! is
obtained using Crank–Nicolson integration.
There are several possible ways to extend or improve the
coupled mode PE. When coupling is mostly into neighboring
modes, it is possible to improve efficiency by approximating
A r with a banded matrix.12 The coupled mode PE can be
modified to account for energy loss due to coupling into the
nonpropagating or nontrapped modes by including positive
entries along the main diagonal of the coupling matrix. It
should be possible to include the effects of coupling with the
stepwise approach of Ref. 30 as an alternative to using the
coupling term in Eq. ~19!. With this approach, the medium is
approximated by a sequence of range-independent regions
and the transmitted fields across vertical interfaces are approximated with the energy-conserving condition described
in Ref. 34. This approach includes higher-order coupling
terms and is a generalization of the step-wise coupled mode
solution to three dimensions.

II. IMPLEMENTATION AND EXAMPLES

In this section, we present examples to illustrate and test
solutions of the coupled mode PE. Although several papers
have been published on continuous coupled modes, there apparently has not been any benchmark testing to confirm that
this technique actually works. The implementation of the
coupled mode PE involves the solution of the eigenvalue
problem throughout the region of interest. Once the eigenvalues, eigenfunctions, and coupling coefficients are obtained and stored, the coupled mode PE solution may be
obtained efficiently for different combinations of source and
receiver locations. For the adiabatic case, this precalculation
approach12 has been used to solve problems in matched-field
processing37,38 that require replica fields for large numbers of
source and receiver locations39
Example A is a two-dimensional problem involving a
25-Hz source at z550 m in a 200-m-thick waveguide that is
lossless and of constant density. The waveguide consists of
two layers that are divided by an interface at
z5

H

d0

for r,1 km
2pr
for r.1 km,
d 0 1 a sin
l

S D
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FIG. 1. Transmission loss at z530 m for example A, which is a twodimensional problem that involves a sinusoidal interface between two homogeneous layers. The solid curves correspond to ~a! the coupled mode PE
solution and ~b! the adiabatic mode solution. The dashed curves correspond
to the energy-conserving PE solution.

where d 0 5100 m, a55 m, and l5200 m. The speed of
sound is 1500 m/s in the upper layer and 1600 m/s in the
lower layer. The purpose of this example is to show that the
coupling term accurately handles extensive mode coupling.
The waveguide supports six modes corresponding to horizontal phase speeds that range between about 1538 and 4190
m/s. Results for example A appear in Fig. 1. The coupled
mode PE solution is in agreement with a reference solution
that was generated using a finite-difference PE model based
on the complete energy-conservation correction.34 The adiabatic mode solution breaks down for this problem.
Example B is identical to example A, with the exception
that the interface is at
z5d 0 1 a sin

S D

2px
.
l

~28!

We were motivated to consider this problem because corrugated interfaces can cause azimuthal coupling by channeling
energy in the y direction.17 To handle the wide range of
horizontal phase speeds, we take v /k 0 52000 m/s and approximate the operator square root in Eq. ~22! with an eightterm rational function. We use range and azimuthal grid
spacings of 10 m and 0.25°. Results for example B appear in
Fig. 2. Since both types of coupling are important for this
problem, there are significant differences between the
coupled mode PE solution and the solutions that neglect one
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FIG. 2. The mode coefficients for example B, which is a three-dimensional
problem that involves a corrugated interface between two homogeneous
layers. The maximum range is 5 km, the positive x direction is to the right,
and the positive y direction is to the top. The left column contains the
coupled mode PE solutions, the center column contains the uncoupled azimuth solution, and the right column contains the adiabatic mode PE solution. The modes are shown in increasing order going downward in each
column. The dynamic range is 10 dB, with red corresponding to the highest
intensities.

type of coupling. Comparing the left and center columns, we
observe that azimuthal coupling is strongest near the y axis,
where the corrugations cause channeling. Comparing the left
and right columns, we observe that mode coupling is strongest near the x axis, where range dependence is greatest.
Example C involves a 25-Hz source at z5180 m in a
shallow water ocean environment. The sound speed is 1500
m/s in the water column and 1700 m/s in the sediment. The
density of the sediment is 1.5 times the density of the water.
The attenuation in the sediment is 0.5 dB/l. The ocean depth
Abawi et al.: The coupled mode parabolic equation
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coupled mode PE was demonstrated for benchmark problems. The coupled mode PE was also applied to solve a
three-dimensional problem.
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1

FIG. 3. Transmission loss contours for example C, which involves a sloping
ocean bottom and mode cutoff. ~a! The coupled mode PE solution. ~b! The
adiabatic mode solution.

is 200 m for r,5 km and linearly decreases to an apex at
r515 km. In the upslope region, the three trapped modes cut
off and couple into beams in the sediment.40 The purpose of
this example is to illustrate the coupled mode PE for a realistic example and to illustrate coupling between trapped and
nontrapped modes. We truncate the domain at z51200 m
and use 36 modes in the coupled mode PE calculation. Contour plots for example C appear in Fig. 3. The adiabatic
mode solution breaks down in the sediment ~the beams are
not correct!. The coupled mode PE solution is accurate in the
sediment ~the beams are correct!.

III. CONCLUSION

The coupled mode PE was derived by including a coupling term in the adiabatic mode PE. This technique is efficient for solving acoustic propagation problems that involve
both mode and azimuthal coupling. The coupled mode PE is
simplified by neglecting a higher-order cross term that involves a product of mode and azimuthal coupling operators.
Tests involving a similar cross term in the windy PE suggest
that this approximation is robust. The numerical solution is
based on standard techniques such as splitting and Crank–
Nicolson integration. The coupled mode PE conserves energy because the adiabatic mode PE conserves energy and
the coupling matrix is antisymmetric. The accuracy of the
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